When irradiated via high frequency circularly polarized light, the stroboscopic dynamics in a Heisenberg spin system on a honeycomb lattice develops a next nearest neighbor (NNN) Dzyaloshinskii-Moriya (DM) type term [14] , making it a magnonic Floquet topological insulator. We investigate the entanglement generation and its evolution on such systems as the time dependent field acts on it. Particularly, we consider an irradiated ferromagnetic XXZ spin-1 2 model in honeycomb lattice and compute, in the high frequency limit, the ground state entanglement in terms of the concurrence between nearest neighbor (NN) and NNN pair of spins. Though the entanglement transition does not coincide with topological transition occurring in such system, it is interesting to witness the variation of concurrence as a function of irradiation-born DM term and suppressed spin-exchanges. For the easy axis scenario, the unentangled NNN spin pairs in the ground state gets entangled beyond some cut-off DM strength whereas in easy planar case, NN and NNN spins remain already entangled. However, NN spin pair concurrence soon ceases to exist for strong DM interactions. Both exact diagonalization and modified Lanczos techniques are used to obtain the results upto 24 site lattice. We also calculate the thermal entanglement and obtain estimates for the threshold temperatures below which non-zero concurrence can be expected in the system.
I. INTRODUCTION
The very existence of the Dirac materials does not necessarily imply a fermionic Dirac spectrum, as recent findings using artificially engineered optical lattices already come across with Dirac plasmons [1] , Dirac magnons [2] or photonic topological insulators [3] with Dirac like bosonic spectrum. These newly designed systems have drawn huge attention in the condensed matter community for being magnonic or photonic analogue of the more familiar fermionic problem. When dynamics is studied in such systems in presence of timevarying fields, we can thus expect exhibition of various exotic phenomena such as defect productions, dynamical freezing, dynamical phase transition or entanglement generation [4] [5] [6] [7] . Particularly for a periodic quench, one can use the Floquet theory [8] for stroboscopic evolution [9] of the system, which results in an effective static Hamiltonian out of the originally dynamical system.
In this context, a ferromagnetic Heisenberg spin-1 2 (FMHS) model with next nearest neighbor (NNN) DzyaloshinskiiMoriya interaction (DMI) in a honeycomb lattice is a simple yet important model on its own right, as under linear spin wave approximation (LSWA) [10] , this becomes a magnonic equivalent of the Haldane model -the famous primitive toy model to show topological transitions. Now Dirac systems reportedly show interesting dynamical features upon light irradiation [11] [12] [13] . In fact, the NNN DMI terms can also be added to a FMHS model on a honeycomb lattice, when it is irradiated with high frequency circularly polarized light [14] . It is the resulting Floquet Hamiltonian where this easily tunable synthetic laser-induced DMI appears. Within LSWA, the model behaves like a bosonic Haldane model enabling the system to emerge as topologically nontrivial at intermediate frequencies of the irradiation.
Recent literature shows that there is a large explosion of interest in realizing and utilizing quantum information aspect of various quantum many body systems (QMBS). In this regard, different entanglement measures are used to quantify pure quantum correlations in QMBS [15] . A von Neumann entropy gives a good measure of entanglement within bipartite systems. But for a generic mixed state, it is the entanglement of formation or concurrence that gives the entanglement measures between two qubits in a system [16] . In this paper, we probe the entanglement characteristics of an irradiated spin system, as the topological term gets introduced there. The ground state of a ferromagnet is a product state and hence unentangled, unless the anisotropy is easy planar type. But an optically tuned FMHS model can become entangled due to generation of the DMI term, as an antisymmetric DM exchange interaction can excite entanglement and teleportation fidelity [17] in the system. We find that such entanglement transition does not coincide with the topological transition that occurs as soon as DMI term is brought in. However, deep within the topological phase, system starts showing finite entanglement.
A non-interacting Haldane model is an integral Hall system that exhibits entanglement spectral flow at the edges [18] . However it does not show any nontrivial entanglement behavior in the bulk. A FMHS in a honeycomb lattice, which has spin-spin interaction terms, in addition to its noninteracting spin-flip terms, also shows topological gap opening, when irradiated via high frequency circularly polarized light. We study the two site concurrence in a FM spin 1/2 system in honeycomb lattice with NNN DMI to probe the entanglement transitions occurring there and any connection whatsoever of them with the usual topological transitions.
For numerical computation, we use exact diagonalization as well as a modified Lanczos technique [19] in order to obtain the ground state and the low energy excitations and evaluate the corresponding concurrences. We use results of L = 6, 12, 18 and 24 site honeycomb lattices with periodic boundary conditions for drawing our conclusions. The paper is organized as follows. In section II, we start with the Hamiltonian formulation of our problem. Section III introduces quantum concurrence and its formulation. Next in section IV, we describe our numerical methods, namely exact diagonalization and modified Lanczos technique. Section IV deals with the discussion of our results and finally in section V we conclude by specifying the relevance of our work as well as possible future directions.
II. HAMILTONIAN FORMULATION
Our initial point of interest is in a ferromagnetic spin-1/2 XXZ model
on a honeycomb lattice. When this is irradiated with light, the electric field (E) of the light interacts with the spin moments (µ) yielding time periodic Aharonov-Casher phases [20] 
E × µ dx ij between points i and j in the lattice. Hence a Floquet analysis can be performed to obtain an effective static Hamiltonian of the dynamic system. Particularly for high frequency circularly polarized irradiation with E = E 0 (cos ωt, sin ωt), a high frequency expansion can lead us to a Floquet Hamiltonian given as,
The details of the calculation can be found in the appendix. Notice that the spin anisotropy gets altered from ∆ 0 to ∆(ω) = J 0 (α)∆ 0 thereby changing the spin anisotropy parameter in the Floquet model. Here J n (α) is n-th order Bessel's function of first kind with α = gµ B E0 ωc 2 . Furthermore, an additional NNN DMI term sets in having amplitude
So for very large ω, this is essentially zero and can only become significant otherwise. This DMI term acts as a complex NNN hopping term, like in a spinless Haldane model and is the reason behind its topological nontriviality. Here ν ik is a prefactor for hopping between sites i and k and ν ik = +1 (−1) for i, k ∈ A(B) sublattice of the system. 
III. CONCURRENCE IN FLOQUET MODEL
As discussed so far, we are interested in a ferromagnetic (FM) anisotropic spin Hamiltonian with NNN DMI within a honeycomb lattice and the two-qubit concurrence between spin pairs there in.
In order to compute the concurrence of the ground state as well as low energy excitations, we need the full energy spectrum of the problem and hence diagonalization of the Hamiltonian matrix. An analytical calculation of the same is very difficult for large systems and so we resort to numerical solutions. In the following, we devote ourselves in describing the diagonalization techniques that we use here.
We first briefly describe the lattice -its site numbering and its bond connections, that are necessary to identify different interaction pairs. A honeycomb lattice (see cartton in Fig.  1(a) ) can more conveniently be described using a brick-wall lattice. We use periodic boundary condition (PBC) and the site numbering are given accordingly. The example for L = 18 site lattice can be seen in Fig.1(b) . For computing concurrence between NN and NNN pairs, we considered the numbered pairs (3, 4) and (3, 11) respectively. Please note here that this numbering is not unique and we only need to ensure that the numbering and PBC does not break the symmetry of the lattice and treat each of the hexagonal plaquettes equally.
Our paper deals with systems of lattice size L = 6, 12, 18 and 24 respectively. Due to numerical constraints, we use exact diagonalization only for smaller 6 and 12 site lattices while for L = 18 and 24, we use a modified Lanczos technique [19] . This latter method search for the ground state starting from a random state ψ 0 , with nonzero overlap with the ground state. This is then acted upon by the Floquet Hamiltonian H F to obtain the state ψ 0 =
, which is orthogonal to tween NN or NNN spins. Let's call the spin-z basis vectors as |φ j >'s, in terms of which we can write the eigenstates of our Hamiltonian as |ψ i >= c ij |φ j > and let E i denote the i-th eigenvalue. The ground state density matrix will then be given by ρ G = |ψ 0 >< ψ 0 |. We can also compute the thermal density matrix which, in the canonical ensemble, is given by
As the system is bipartitioned into subsystems a and b, we can write |φ i >= |φ a i > ⊗|φ b i > and the reduced density matrix in the subsystem a will be given as
Our subsystem a consists of a pair of spins, especially NN or NNN pairs, that we consider here. Now let us look at the definition of quantum concurrence. For a 2-qubit system, the pure state |ψ > contains a measure of concurrence C(|ψ >) = | < ψ|ψ > |, where |ψ > is the time reversed state of |ψ >. For a spin system, a time reversed state is the spin-flipped state and for a spin-1/2 (2-qubit) system it is given by |ψ >= (σ and can be shown [16] to be given by
where λ i 's denote the square root of eigenvalues of R 12 = ρ R 12ρ R 12 in descending order. 
IV. RESULTS AND DISCUSSION
First we study the effect of anisotropy or ∆(ω) with D(ω) = 0, i.e., the anisotropic Heisenberg ferromagnetic spin system alone. We probe the ground state concurrence between nearest neighbor sites (C N N ) and that between nextnearest neighbor sites (C N N N ) . See Fig.2 for results of C vs. ∆(ω) for lattices with L = 6, 12, 18 and 24. We see that concurrence becomes nonzero abruptly at ∆(ω) = 1 signalling an entanglement transition. However, the non-zero entanglement measure reduces as lattice size is increased.
Next we consider the situation as the DMI is turned on. We see the concurrence C N N N to increase gradually beyond Now let us explain the results of concurrence that we get. At very large frequency, the DMI term becomes negligible and the XXZ model of the Floquet Hamiltonian shows finite entanglement as soon as the anisotropy becomes easy planar. Product state of the easy axis FM turns into a entangled state with moments oriented in the spin-xy plane [21] . Finally for ∆(ω) → ∞, the ground state still has no product state form as no direction in xy plane is preferred for the spin-moments. As a result, the entanglement, emerging at ∆(ω) → 1+, gradually saturates to a finite value for large ∆. Moreover, as the entanglement producing spin-fluctuation terms appear only between NN spins, we find C N N > C N N N whenever they are nonzero. We should emphasize here that as spin exchange between NN pairs entangles them more, we see C N N to increase steadily with ∆(ω) beyond the Heisenberg point. Interesting is the behavior of C N N N which shows a decline as ∆(ω) is increased from unity. With D(ω) = 0, there is no direct interaction between NNN spins. Heisenberg point being the critical point, spin correlation is at its peak for closest spins, which then decays as the distance between the spins is increased. Hence both NN and NNN spins are very much correlated as well as entangled at ∆(ω) = 1. Let us add here that the bump in C N N N observed for ∆(ω) → 1+ at L = 12 is a finite size effect which gets wiped off significantly in the plot corresponding to L = 18 and 24. Notice that it does not appear for L = 6 as PBC makes this a special case where the NN and 3rd NN sites often become identical. Now as the DMI term is turned on, due to decrease of the frequency of irradiation from very large values, the system becomes topological. However, it takes some finite D(ω) values to get the system with easy axis anisotropy to become entangled for NNN spin pairs. This is because the NNN spin fluctuation terms oppose the FM ordering and it takes a finite threshold to disrupt that ordering and set in entanglement. On the other hand the NN pairs never get entangled by introduction of this complex NNN hopping term. The easy plane ferromagnet, which had finite C N N and C N N N , shows decrease and increase in entanglement with D for NN and NNN pairs respectively. The DMI term is a precursor of the spinorbit coupling in the system and it favors spin canting. As this term acts between NNN pairs, a strong D indicates a larger correlation among the NNN pairs. But it also competes with NN spin exchange term and let the correlation between the NN pairs perish gradually. Fig.3(a) shows the concurrence results for L = 12 where both exact diagonalization and Lanczos results are shown which fairly matches for the values of anisotropies considered. For larger L = 18 site lattice, we use Lanczos method and obtain same qualitative results as shown in Fig.3(b) . Notice that for easy planar case, C N N N shows 2 smooth curves connected by a jump in the middle. The portion at small D(ω) values is the result of spin anisotropy which gets reduced as the competing NNN term gets stronger. The other one at large D(ω) values, comes due to correlations established by the DM term, like in the easy axis case.
Lastly, its wise to take a look at the thermal entanglement behavior as well. Fig.4 shows the results of C N N and C N N N in a L = 12 size system obtained for various β (= 1 k B T ) values, and for ∆(ω) = 1.5. Our thermal entanglement results show that temperature wears off the entanglement measure in the system and with high temperature, the thermal fluctuation leads the system towards complete unentanglement. As further quantification, we compute the threshold temperature T th above which there is no concurrence possible in the Floquet states. In bottom panel of Fig.4 , we show the variation of T th for C N N and C N N N in a D(ω) − ∆(ω) plane. It shows that a large ∆(ω) (i.e., much larger than unity) keeps the NN spins entangled upto some appreciably large T th values, if the irradiation born D(ω) term is not very strong. On the other hand, a large D(ω) makes the NNN spins entangled with appreciably large T th values when easy planar ∆(ω) is not very large.
V. CONCLUSION
In this work, we have studied spin-spin entanglement in a Floquet system arising out of a FMHS model in a honeycomb lattice irradiated via circularly polarized light. The easy tunability of the system parameters just by varying the frequency of irradiation, leads to a plethora of interesting findings, in 2-spin ground-state as well as thermal concurrences. Firstly, decreasing ω from very large values causes decrease in the spin anisotropy ∆(ω), which in turn decreases (increases) the NN (NNN) spin-pair concurrences, given D(ω) is still significantly small. And thus if the original spin anisotropy ∆ 0 is barely above unity, high frequency irradiation can make the system unentangled producing separable product states in the lowest energy eigenfunctions. Now as the frequency becomes intermediate so as to make D(ω) appreciable, the system becomes topological. We see no coincidence between topological and entanglement transitions occurring there. In fact, this is not surprising as our working model obtained from the Floquet theory, comprises of short-range interaction/spin fluctuations alone and hence unlike in long-range entangled fractional Hall systems [22] , we don't see any immediate entangling or disentangling as the DMI term is turned on. However, we notice interesting nontrivial entanglement features in presence of the DM term. The easy axis Floquet FMHS system produces non-zero C N N N beyond a cut-off D value, as the DM term competes with the NN spin flip term of the Hamiltonian. For the easy-planar case, both C N N and C N N N are nonzero without a DM term. Here also C N N N shoots up to a higher value beyond a cutoff D(ω) while C N N reduces down to zero. Furthermore, we study thermal concurrence to demonstrate how system entanglement steadily decreases with the temperature.
Ours is an important piece of work as the obtained profile for the concurrences can add useful feedback to experimental endeavors in extracting quantum information from topological systems [23] . Such controlled creation or destruction of entanglement via tuning concurrence of the Floquet states are in fact being studied with great fervor in recent times [24] . Down the line, one can also explore the effect of transverse (normal to easy direction) magnetic field on the spins that sometimes witness the opposite trend, namely enhancement of thermal entanglement with temperature [25] . Besides, it will also be interesting to quantify the quantum coherence [26] from our entanglement measurements.
